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HIGH-ORDER TRIANGULAR FINITE ELEMENT
FOR SHELL ANALYSIS

D. J. 0..\\\'1

Department of Civil Engineering. Univer,i!v of Hirmirl!h,,,,l. Hirminl!h'"11. lOng/and

Abstract-A curved-shell finite element of triangular ,hape is d,'scrii'ed ,...h;"h I' ha't'd ,'II ,onventional ,hell
theory expressed in terms of surface coordinates and displa,emenls. I:aeh "f Ih,' Ihree surf"", displacement
components is independently represented hy a tWll-dimcn,i,1I1al r"lyn"mi,d l,l ,'"1strailwd-quinti,' "Illt'r
giving the element a total of 54 degrees of freedom. T"o rarlicuhr gL·,'nll'lrie f"rm, IIf the eklllent are
considered. viz. doubly-curved shallow and circular ey'lindrieal. The h'l!h bel of a"L'ura_y IIhi,h l'an be
achieved using few elements is demonstrated in a range of pmhlen!' II her" "'l11parhllll is made with previllus
finite element ~olution~.

I. INTROOUCTlllN

Recent studies by the author [I. 2] of the comparatiw efficien.:y l,f varilHl'i arch finite elemenh
have demonstrated the characteristics of models hascd both 011 relativcly high-order polynomial
displacement fields and on assumed-strain fields. Arch Illodcl..; ha'ied on (two) independently
interpolated displacement components of quintic ordcr haw hcen shown to be consistently very
efficient in a range of applications embracing shallllw and decp gCllmctries and extensional and
nearly-inextensional behaviour. This efficiency is such thai in nllldelling circular arches with a
single element based on surface (i.e. tangential and normal) quintic displacement components the
error in the calculated maximum displacement is k~s than 0·4'.·; in an~ of the considered
applications[2]; calculated forces and bending moments are ,Iso ;lccur'lk. Elements based on
polynomial displacement fields in which one or both ':llmpOn( nl'i is reduced hI cubic order are
very much less efficient on a degree-of-freedom as well ,IS 1111 an dcment basis. In particular. if
the tangential component is restricted to a cubic variation dement dficient:y depend" markedly
on problem geometry and the calculated force distrihutilln'; I'm such iJil>dd..; c\hibit waviness in
all applications; this waviness becomes very pronoum:ed in nearly-ine\tensional problems where
its order can be very many times greater than the true magnitude of the f"rce. This is so whether
the associated normal component of displacement is of -.:ubi.: or quintic order and. in genera/.
there is no improvement in increasing the order of the llr'rmal componcnt f/"ol11 cubic to quintic
unless the order of the tangential componcnt is similarly incn:a;cd I tllllugh cxceptionally there is
a significant improvement where the arch geometry is shallll\, .1I1d rdativdy thick).

The arch studies point to the usc of quintic polynomial displacement ":llIllponents as the basis
for doubly-curved shell elements. In fact there alr'cad) c.\ist iii the literature two conforming
elements of triangular planform with quintic polynomial as,un',ptil1n, lor all thrce displacement
components [3,4] but these components are cartesian ones. Cartesian displacement components
were chosen since they allow the precise representatilln of thl.' rigid-bllJy lIlotions of an element
when the geometry of the undefmmcd shell is ddined by lillL'dr com hi nations of the
same set of basic functions used to define the displacemenh. In thl' \vork of Argyris
and Scharpf[3] the development of the shell theory 011 \\hich the clement is based uses the
natural strain concept and its relationship to classical thin shell thelll'y is not ohvious. The work
of Dupuis and Ooel [4] is based on shell theory written in terms of ,I .:artesian eomdinak system
in place of the usual curvilinear system and thc equations arc cxprcssc'u in rdation to the height
of the curved middle surface above a reference plane. Possible difficulties :lssodated with such
schemes as these have been pointed out by Morris!)/.In a furtht'r 'itud~ Dupuis[ol has described
a triangular shell element based on a modified representation Ill" thl: shell geometry in which the
element is straight-sided in the plane of shell parameters. Rigid-hlluy motions are represented
precisely only by making an appropriate approximation to the shell middle surface and although
the derivation is, in principle, quite general it is specialised III lhe l'aSl' whcre the displacement
components are represented by third-order polynomials.
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As shown hy the r~~ulh for l'in:ular an:h~~121 the ~xact repr~scntation ul cklllcnt rigld-hl'd\
ml)tion states (whose natur~ i~ discussed ill 171) llI' indel'd of llther hasic ~tales Sill'll ilS
inextensional mod~s. is not n~cessary I'm high accuracy and rapid l'l lllvergl'lll'e prol'idill~ ,i1\,'j,

states can be closely approximated, This call hl' achi~ved in an dem('nt I'ascd un Ctlill ,'1111< 'Il:,!

~hell theory and the al sumptil1n 1)1' indep~ndently·interpolated polynomial sllrfacc l'llmpllfl\,'nt '.
sO long as the order llf thc polynomial l'umponents is suftici~ntly high. I' h fllrlhn Illll<.'d i rl;:;
polynomial surface displac~mel1t fields an: particularly appropriall' in de,t1ill~ with ,III lI11ptdLllii
class of "sensitive" prohlem' in ~hell workl~, HI and thaI an anal~sl' hd~l~d till l'UIl'd'!i'!"!!":
th~ory ~asily allows thr. eXact g~ometric r~pres~ntation of standard shape' llf ~heli.

The present paper d~tails the development and applicatillll llf a ·,ulllorming trialll,:III;I!.h,'!i
element which helong' til the ,atClwry desniht'd ill the preceding par'lgrapl:. rill' tlrdcl ;; ,;Ivb
surface component polynolll ial is constrain~d-quintic (i .t', hasie<t11\ " CUIll pletl: 'jll iIII i,
polynomial in two dimensions having twenty-pne terms t(1 \1. hich thrl'l' ,:Iln,trainh arc ilppiied i

and thus the element has a total of 54 degrel's of freedom, The philmllphy i, a general 1111,' hUI
here the analysis is limited to IIvll specific classes Ill' shell gellmcln which o,hihit 1111:

characteristics of general ~h~lIs. \iz, the shallllw shell with two prilKipal !";tdii of l'unatul(' plils ..
radius of twist and the circuhl/ cylindrical shl'll. Thi, restriditlll i, Imppsed ,,1 that thl' ,''''men!
stiffness may he ohtained in \,'II"ed form ,11111 Iluillerical integralillfl ,;Iuidl'd nh' dll1lill<llh>ll ""
any possihle small error associakd with a Illlml'ri~~al integralillll sdlel1lt' h ";"Ihi,it'rn! dl',!I.lhk
since it is proposed to study in detail the pn:cisl' variation Ill' I'alculatcd dl'phli:\~m('nls. 11l"l11ni "ll<'

forces and bending mlllnent, IIITr the ,hell Illiddle ';urface
The appr\l<ll.:h de,nihed hnc j, dirl'l.:tly 11'1"ted to Ihat adopted ('"rlICi b\ ('O\\p\'r. I I 11 IHwr;c

and Olson 19-1 ~ I with the fUlldamcntal difft'rencl' that whilst tht' ~:trlil'r \llllk j, ha'l'd "n Ihe
assumption of a l.:onstrainl'd-quintil' nl.rmal dispiacemt'llt l'omponl'1l1. the tIl." lall);ellti,Ji
displacement compont'nts arl' taken to he cubic polynomials. l'llwper d IIi, I I.'! clllltcnd Ih'II, f,,!

a set numher of elemenls. in..:rl'a,ing the "ltll'l tlf the t<lllgential ,'lllllpUII,'1l1' II' ,."lstr:,inni
quintic will lead to ollly a marginal improveillent in aCl'urac~ achil'vvd ;I! thl' e.\pt'lI'l.' . -j :11:

increasl' in the Jegrl'e l of freedulll \11' 5(Y}. Thi' contention is based Illlt'lTtlr cl1nsideration' IISln~~

a Taylor's series hUI is certainly n\)t l.:lllTect In all ,ituation' ~incl'. :I~ fIlcntiOIll'd l'<lrlier II: I ill.
limiting cas~ of th~ deep circular arch a model with quintil' tangential di'plal'l'mellt i, Illut.:h 'nlll,
efficient on a degrel'·,)f-frl'cdl1m hasi, Ih;1I1 " ..:orrl'sponding 111'1,10:: II ilh c'uhi.: i;1I1t!,'lltia,
displacement.

Any assessment of thl' merih of a finite ~kment propoSl'd 1'\11' thl' allal\", ut ,hell ,1 IUl:1 III',".

must take account of thl' diversity \11' pos,ihle application;, "f the l'klllenl l>epl'ndin~ IIpllL
geometry and loading the shl'll response Ill<ly he domin<lted hy l1lemhranl' hl'h,I\'iou' ",' !''.

hending hehaviour. or the shell might function primarily' as a Illemhr<lne \\ith IllC:1i illllt'S ,,;
hending. etc.: rigid-hody motions mayor Ill"\ not he of importance. III these circulll'I,lm:l" ,I

valid theoretical prediction of the accural.:Y PI' <I tinite c1eml'nt Illodelling of a l!l'neral ":111", d ,h,'li
structure with larg~. unequal elements. i, I cry difficult to ":tlllstrul'!. lit is noted thtllll!h Ill,,;
detailed errnr estimates have hcen prest'nted fill' the simpliti~d prohkm of th,' '. irCU!;li
arch IB-151!. Al.:cordingly. thl' aCl.:uracy of thl' element presl'ntcd her" i, examinnl ",.kh· '"
numerical application to specific prohlems, H\1\l.cver. such applieation,_ 'lipplemented I~\ rl',ult,
presented earlier for th~ limiting caSl' of tht: arch II. 2J. t'mhracl' ,I \1. ide r:mg\: of shell h:b.,· i011!

which includes all thl' categllril" noted ahl'll', In the prl'sentation ,,1' dct"ikd numl~ril;t: .,.~l!lt,

particular attention is paid It' " ~'omparisoll hctwl'ell results "I' thl' prl',t'lll ;tnalysi, ,Ill" 1hal; d
('owper et ai, in a range of application~. It wnuld hc CXPl'l'lt'd fnllJ) th,'.J1l'h I,'stllt, !hl! 'he'"
would he a significant impro\em~nt in solution ~fficiency: using the q dl'grcc-of-rrel'dllfl: .;.1 dllf;
~Iement in many deep. thin situations hut a lesser improvemcnt in ,halltm applil'<ltitlll-

Finally. it is noted that at the review stagl' one llf thl' I'l'fl're\~, ,If this papel' h,l" '.11'::1\11

attention to some recent \\·ork of Idelsohnllh) in whil.:h a family of 'hl'll"k'IllCllls rd'<lI'..! ';I th:.11

descrihed herein is apparentl" developed .

.:.'\~\I YSIS DE1.\lI.S

Of the many shell thenries availahle in the literature that Ill' Koitcrll7l i, adopted here. III this
theory (unlikl' some nthl'rs I the homogenellus ~train-displacl'ment l'quation' arc satislicli in ;1

general rigid-hndy Illolinn. The theory assllml'~ an orthogonal curvilinear ll'ortlinalt' ,\ 'kill hill
this system Il~ed Ilpt cllinc:idl.' II ith the lilln "I' prinl'ipal ,'lin :t"ln' '.1! 111,-, ,hl'll ''Ii 1';1\, "'"
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notation of Koiter the strain energy density. dVn• of a shell of thickness h may be expressed as
the sum of the extensional and flexural energies in the form

or

Here

C
dVn =,. [e][BHE}. (I)

(2)

and the (6 x 6) matrix [B] is easily constructed. The quantities el and e~ are the extensional strains
along orthogonal parametric curves a. f3 and I/J is the shear strain between these curves; XI, X~

and T are the physical components of the changes of curvature and twist referred to these curves.
Also the quantity C is defined as

where E and v are Young's modulus and Poisson's ratio respectively.
As mentioned earlier, the present paper is concerned specifically with two representative

types of shell-those of shallow geometry and those of circular cylindrical geometry-so that
simplified strain-displacement equations can be used and thus the element stiffness can be
evaluated in closed form. For both types of shell the strain-displacement equations can be
conveniently expressed as

where

{E}= [D]{d} (3)

(4)

For the shallow shell U and V are the tangential displacement components in directions
parallel to suitable global cartesian coordinates X and Y. and W is the normal displacement
component. Following the usual assumptions of shallow shell theory. the matrix [D] is

I 0 0 0 I/R 1 0 0 0
0 0 0 I I/R~ 0 0 0

[D] =
0 I I 0 2/T 0 0 0

(5)
0 0 0 0 0 I 0 0
0 0 0 0 0 0 0 I
0 0 0 0 0 0 I ()

where R), R~ and T are the (constant) radii of curvature and twist of the middle surface related to
the X. Y coordinates.

For the cylindrical shell the X coordinate runs parallel to the longitudinal axis and Y is the
curvilinear coordinate orthogonal to X: U. V and Ware displacement components in the
directions of the X coordinate, Y coordinate and the shell normal respectively. The matrix [D] in
this case is taken to be

1 0 0 0 0 0 0 0
0 0 0 I I/R 0 0 0

[D]= 0 I I 0 0 0 0 0 (6)
() 0 0 0 0 I 0 0
0 0 0 -I/R 0 0 0 I
0 ~R -~R 0 0 0 I 0

where R is the mean radius of the cylinder.
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For the tinite ~I~ment analysis the domain of the shell in the XY plane (representing the base
plane in the case of the shallow shell or the developed plane for the cylindrical shell) is divided
into triangular elcm~nts a~ shown in Fig. I, Within an element it is required that each of the three
displacement components varies hasically as a quintic polynomial in the two coordinates. As is
well known, the use of a quintic polynomial displacement field originated in the development of
refined conforming triangular plate oending elements by a number of independent investigators
(see [181). Corresponding to a compkte quintic polynomial such an element has twenty-one
degrees of freedom comprising the deflection with its first and second derivatives at each vertex
together with the normal uerivative at th~ mid-point of each side. However, a more convenient
eighteen dof (constrain~d-qllinlid displa~'Cl1ll'nt fielu is ohtaineu when the mid-side degrees of
freedom are eliminated by rc~tricting the variation of normal slope along an edge to a cubic
polynomial amI it is th,' c\lnstrained-qllintic polynomial which is selected here for each
displacement component. ('llnnection of all nodal quantities ensures continuity at inter-element
boundaries of each disphKcment component and of its normal derivative, although the continuity
of the normal uerivative nf the tangential components is not strictly necessary for compliance
with the potential energy principle,

-------x,u

Y,V

///L/,/""

./ 8/ _ ::::::::::=:re
// I

L~ . .~__.

I-i!!. I. Shcll <'Icmcnt in X- Y plane,

x,u

Having decided in hroad krms thc hasis nf the shell element the detailed calculation of the
element stiffness can he implcmenlt:d in a nllmoer of ways. but it is most convenient here to
extend and modify the appr,lach described hy Cowper et al. [9. 10]. This approach leads to a
general closed-form integration formula for the evaluation of stiffness terms via the introduction
of local coordinate axcs \ :lI1d .'" hec Fig. I). The l:Orresponding local displacement components
arc the tangentialllllcs 1/ and l' mea~lIrcd in the directions of x and y respectively. together with
the component nllrmal to ihe shell ~urface. 11', which coincides with the global component. W.

The ,'omponents llf the "(Informing displacement field are assumed to be of the form

/I = .\, f- A·x -+- A,r ~ A.x'+ A,xy + AhY'+ A7X'-r A"xOy

I· :Lx\' . ;. A ,,,.1".;. A IIX· -j A 10-\" '-'" -+- A ,-,xoYo + A '4X."·1

I-:\,_y" ,. A, •.x'+A,-x'y-'+A,"xOy'+A'9X."4+AollY'

with like exprcssions for r and \I' giving lill independent coefficients A in all. The displacement
components are more ~uitahly l'Xpresseu

(7)

where Ill, . .. .1', are integers running hetween II and 5. The ahove polynomial does not contain an
x\ term so that the normal ~Iope variation along edge 1-2 is automatically restricted to a cubic
polynomial: two further "llnstraint ("onditiom per component are applied later to similarly restrict
the normal SIOPl' variation aillng thl' remaining edges. The number of independent coefficients is
thus reduced to IS per component. 54 in all.
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Following the example of [10] the strain energy for the shallow or the cylindrical shell element
can then be expressed (by substituting eqn (5) or (6) into eqn 0) via eqn (3) and transforming to
local displacements and coordinates) in the form of an integral over local coordinates as

where

and

Yo = tII [d][i Hd} dx dy (8)

(9)

(10)

Matrices [R 4] and [I] have the same general meaning here as in [10]; the rotation matrix [R 4 ],

which links the column vectors {d} and {d} (i.e. {d} = [R4Hd}) is in fact unchanged whilst matrix
[i] does, of course, differ in detail both betw~en the shallow and cylindrical shell analyses
described here and the earlier analysis.

The strain energy can be further expressed via eqn (7) in the form

C
Yo = 2" [A][kHA}. (II)

Here {A} is the column vector of the sixty coefficient Ai and [k] is a (60 x 60) "stiffness" matrix
whose elements kij are explicitly defined in terms of the elements of the (8 x 8) matrix [i] by a
modified form of the equation given in the Appendix of [10]. Since this modified equation is a long
one it will not be presented in full here; rather the necessary changes from the original equation
will be noted.

For the shallow shell element described here the expression for kij is that of the original
equation but rows 8 to 13 inclusive as printed may be deleted since the elements of matrix [L]
which are involved (L 0,6) through to L (4,8» are in this case zero. For the cylindrical shell
element presented here the expression for kij is the complete one of [10] with the addition of the
two terms

(12)

where F(m, n) is defined in [10].
The "stiffness" matrix [k] corresponds to the quadratic form (eqn 11) of the strain energy in

terms of the polynomial coefficients {A}. The energy can be further expressed in a quadratic form
of the global degrees of freedom as

(13)

where,

(4)

is the required global stiffness matrix.
Here the column vector of global degrees of freedom {W2} of length 54 comprises the

quantities
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at each of nodes 1.2 and 3 in turn. The matrices IT.I and IRI here. of course. take a different form
from that used in the work of Cowper et al./9. 101. Matrix IT,l is a transformation matrix relating
the coefficients A; to the local degrees offreedom. II. {(II( Iii.\") . .... ({j' \I' I ily ~) at each node. lIsing
the houndary conditions and incorporating the two con,traint equatil'Os per displac~'mcnt

component which arc required. as mentioned ahove. to restrict the nllrrnal Sillre variatioll alollg
edges 2-3 and 3-1. Matrix IT,j iSllf order (fin· 54) and is the inverse III' a (nil x. flO) matrix 111 with
the fast six columns of this inverse deleted: tktails of matrix ITI are givcll in Tanle I. Matri \ IR I
is a rotation matrix lIsed to transform grohal degree, llf freed\l111 til IllC;t! \llles and is detailed ill

Tahle 2.

Ta"le I. '-h1lri\ ITj. where suhmatriecs 18,1. IS,I. IS.,I and IS.!
arc ", dcfined in [9!
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Finally, the stress resultants (N I , N 2 and S) and couples (Mil M 2 and W) are obtained from
the calculated strains using the relationships

Is= 2(1- 11)0/1.

Ch 2

M 1 = 12 (Xl + IIX2).

Ch'
M 2 =12 (X2 + IIXI).

Ch 2

W= 12 (1- II)'T.

(15)

3. NUMERICAL STUDIES

The two forms of the shell element described in the last section have been used in
convergence studies of some well-documented problems. The elements are incorporated into the
BERSAFE finite element system [19] and calculations have been performed on an IBM 360 series
computer using double precision arithmetic throughout. The distributions of displacements,
stress resultants and couples are obtained by calculating these quantities at points along the
element edges at intervals of one tenth of the side length. In representing a distributed loading the
load vector is derived in a consistent manner through virtual work considerations, the necessary
integrals being calculated in closed form. In considering the specification of boundary conditions
only the necessary kinematic conditions have been applied; no attempt has been made to satisfy
any force boundary conditions in addition.

Infinitely -long. clamped circular cylinder
This singly-curved problem, illustrated in Fig. 2, was chosen as a first check on programme

validity. With Poisson's ratio II = 0·0 and all longitudinal displacements zero the problem is
equivalent to the centrally-loaded, clamped arch. Four geometries are considered corresponding
to the two values of the angle {3 and the two values of thickness shown in the figure. The shallow
form of the shell element is used in analysing the problem corresponding to the smallest value of
{3. Two gridworks are used in this symmetric problem, one being that shown in Fig. 2. and the
other a coarse gridwork of similar form but with only 2 elements in the Y direction.

Uniform line load

edge

p. 90" arn°
h. 1/16 or I
v·O·O

Fig. 2. Details of infinitely-long, clamped cylinder.

The percentage error in the calculated normal deflection under the load for the four
geometries is given in Table 3. It is seen that the error increases with increase in angle {3 and with
reduction in thickness. Although the magnitude of the error is small it is generally somewhat
larger than that for the corresponding quintic-quintic arch [1,2] since here in the shell analysis
constrained-quintic displacement components are used. It is noted that the numerical studies
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using arch elements show that III thi, appliC:ill\ln the dti'ienl.') Ilf till' ,hell elements of II), Illi
would he very much Ie" than 'hat (lj fhe prescni l'lcment'. For the deep. thin.
nearly-inextensional geometry the error, in [I,ing 1\\,) and four quintic-I.'uhic arch elemenh in thc
Y direction are in excess of XlV;; and IWi I,'spcctively and the,c errlll'''' will he somewhat
increased for the corresponding ... hell eklllenh ,inl't' the~' an' ha,ed 1111 a constrained-quintic
normal displacement component.

Spherical cap
This doubly-curved shallo\.\o shell i, shown il' Fig. l The loading is a uniform normal pressure

acting over the whole shell surface and the ,hell edges are freely supported (i.e. Wand V zero on
edge AD, Wand U zero on edge AH L Detailed results for this problem are available for
comparison. both exact 120! and hased on the .11> ..11)1' dement of Cowper ct a/.[91. Two geometrics
are considered corresponding to values of a shell paramekr Rilil. ' equal to 0·02 and O'()05, Both
membrane and bending behaviour are of imp0rl:lI1ce in this difficult problem. the shell functioning
primarily as a membrane with lOne, of hending near the ~upported edge,; these bending zone...
are more localised for the shell \\ ith th ... ,m:dlcr '. alul' III' [~h fl. '(i.e, fllr the thinner shell if Rand
I. are I:onstantl.

/-'------,
/' ........~. --

~
/' '><">< Uniform

-', 1,1" '.
-~ / II'

2x 2R mesh ~.. ,-:? I
. \ ........

/ \ ,'>r-....... I
D/~\> \ ,/ f. j

\" .. / B '

!A

...~.

normal pressure. pc.

The calculations using the 54 dol' shallow ell'ment are largely hascd on the use of a unifllrm
mesh of elements in a symmetric' quadrant though this i, not the most efficient arrangement in thi,
problem and some use is also made llf the refined element meshes shown in rig..1 Convergencl.'
of the total strain energy calculated fOI hllth shell geometries u... ing htlth the present elements and
the 30 dof elements is shov.'n in Fig. 4. It i, ..:kar that in this particular shallow application the
convergence of the strain energy using thc pr... scnt element i, very little different llil il

dcgrec-of-freedom hasi ... than that of the carli ... !' l'Il'menl.
Some typical distribution~ of displacement.;. flll'..:es anJ moment... calculated using the 54 dol'

element are illustrated in Figs. 5'1 and h whnc I.'omparison i... madc \vith the exact solution. Quitc
clearly the behaviour of the thinner shell is the fllore difficult to accommodate in the finite element
calculation because of the steeper gradient.; a"'''ll'iatcd with it, Thi, difficulty is largely overcollle
by suitable refinement of the mesh and considering the small numher of elements that are used in
analysing this difficult prohlem the accuracy of the results is high, The precision of the calculated
bending Illoment distributions presented here is little different from that obtained by Cowper et
al. [9] but there is a considerahle improvement in the calculated force distribution, with much of
the oscillation of the force eliminated.
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Cylindrical shell mof
The shell roof prohlem ,holVn in Fi!!, h j, 1/ rrohlem which ha, heen '''ed exten,ively III Ie'!

finite element analy,c,. The lo;,ding i, Ilk' ,ell·\\cight of the ,hell and memhrane and hending
effects are hoth important. The ,hell i, Illargllwlly ,hallow and thc "l'X,II:I" cali:ulatiolb ,"
Scordelis and Lol::!11 arc large" ha'ed lIn ,h;""I\\ ,hell cLJUatiolh although notcllll,istenll\ -·0 ..\

deep shell solution hy Fl1r,herg i::!::! I gl\l", Il',ult ahout y;; 1,,1"('1' fl!!' Ilk' greatcst \'el tiet!
displacement (If thl' ,ht'!1.

[~3 Ox 1(;( JlJ 'e,.~.:"

n =G 25ft

.... :----.--.....
w .
i',

"

The shell roof is analysed here u,ing thl' .'4 dol' deep cylindrical shell dement and uniform
element meshes. The ,elf-weight loading i, ;tl'cornmodated hy resolving into tangential and
normal loads of trigollllmetril' forlll and e\prl'"ing the sine and l'lhine or the angle frolll thl'
vertical as a Taylor\ series of lerms up 10 the fourth power of the angle. Distrihutions of
displacement. force and moment at the centr;i1 ,edion Be arc shown in Fig. 7, where it can be
seen that the finite element result- arc \'ny accurate \~ ith even the coarsest possihle mesh giving
generally good agreement with thl' "e\act" l"',ult-.
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Details of the rapid <:onvergence (If point values of displacement. flll'ce and moment and or
the total strain energy are recorded in Tahle 4.l'llmparative results for an "cxact"' analysis 191 arc
listed but since these are based largely on shallow-shell theory convergencc is tIl slightly different
levels. It is noted that the rate of c(lnvergence (If the present finite element results (including
partiCUlarly that of the strain energy) is much m(lre rapid. on a degree-of-freedom as well as on an
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Table 4. Shell roof numerical results

Finite lOUA WB lOVB lo.Ve 10-'(N1h. -3 -2 -4
10 (:J) 10 (M1)e 10 x strainGlanent (in.) (in.) (in.) (in.) (lb.b.ti~.)IDeah. (lb.in./in. ) energy

(lb.in.)

1 x 1 -1.46502 -3·90142 -9.4:3344 5·5259 6.0781 ,'·4520 1.6522 5.69514
2 x 2 -1.48885 -3·97819 -9.61524 5.4463 6.2656 ••1797 1.0615 5.76732

3 x 3 -1·4892J -3.98455 -8.624JJ 5·4120 6.2982 ,'.0797 0.9120 5·79115

4 x 4 -1·46345 -3·36492 -8.62556 5.4034 6·3032 ,'.0627 0.9200 5·79147

Shallo"
~·.0562 0.9272 5.88277solution -1.51325 -4.09J16 -8.76147 5.2434 u.412~

- [9J

1107

element basis, than that of the 36 dof element results [91. This is illustrated for one quantity-the
vertical deflection at the centre of the straight edge-in Fig. 8. where results of various other
finite element studies [23-25] are also included. The performance of the present element
compares well with that of any other available element in this application.
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Fig. 8. Shell roof deflection comparison.

Pinched cylinder with free ends
In this problem the ends of the cylinder shown in Fig. 9 are completely free and the relevant

data is L = 10·35 in, R = 4·953 in. E = 10·5 x lO'psi and I =(HI~5. This pinched cylinder
problem has been studied in a number of finite element investigations. Most of these are
concerned with a shell thickness of 0·094 in. (R Ih = 52'8)[26-30] but there also exist solutions
corresponding to a thickness of 0·01548 in. (Rlh =320)[~9.301. The problem is almost
inextensional and is sensitive to the representation of rigid-body motions: an inextensional
solution by Timoshenko exists [31] though this gives a somewhat low value for the deflection
under load. The problem is complicated by the very steep bending moment gradients local to the
loading points and it is desirable to take account of this by employing some refinement of the
finite element mesh in this region; such refinement is easy to apply where the elements are of
triangular shape.

Since accurate comparative values are available only for the magnitude of the deflection
under the load, convergence of this quantity alone is examined for both thicknesses of shell in
Table 5. The differences in the quoted comparative values of displacement reflect to some extent
at least the small differences in the shell theories used. It is seen that convergence of the finite
element results is rapid and that very few elements in the symmetric octant are required for a
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p

Fig.l}. The pinched cylinder.

Tabk 5. Deflection ,If free pinched cylinder

t-"'inite Final Deflection under load (in.)
Qlle:nent degrees R,.1l =52.8 R,.1l = 320
lDesh of freedom p =100 lb. P = 0.1 lb.

1 x 1 30 0.10619 0.02,217

2 x 2 96 0.11202 0.024236

3 x 3 198 0.11313 0.024453

4 x 4 3}6 0.113.\1 0.0245~6

5 x 5 510 0.11}63 0.02·1621

4 x 4A 374 O.11}60 0.024605

4 x 4B 412 0.11}64 C.024611:l

Comp~at1ve 0.1155 tIll O.O~462 bol
solutions 0.1137 [zJJ O.om) ~I

0.1139 t1a1

result of adequate engineering accuracy. It is noted that results for nearly-inextensional an:h
problems and particularly for the pinched ring problem [21 indicate that shell elements bast:d on
independently-interpolated polynomial displacements in which the membrane components are
restricted to a cubic variation will not deal very efficiently with the free pinched cylinder prohlem.

Pinched cylinder with supported ends
For this problem reference may again he made to Fig. 9 where in this case LiR ')

Rlh = 100, v =0·3. Here. though, the cylinder ends are supported by a diaphragm (i.t'. the
displacement component~ Wand V are zero around the curved edge AD) which increases the
problem difficulty. Detailed solutions of this prohlem hased hoth on a finite clement study
using their 36 dof element and on a double Fourier series solution are givt:n hy Lindberg et llf./III.

The finite element results for the 54 dof cylindrical shell element are given in the form of
typical distributions of displacement components (Fig. 10) and of forces and moments (Fig. II)
and compared with the solutions of rI\]. In considering uniform meshes there is clearly a very
significant improvement on an element basis in using the present element and there is also an
improvement in the calculated deflection under load (and hence the strain energy) on a
degree-of-freedom basis. The very considerable oscillation in the membrane force distribution
calculated using the 36 dof element is drastically reduced in using the higher-order element. With
regard to the force distributions it is noted that the calculated finite element values of membrane
force local to the applied load are converging on rather higher levels than those given by the
Fourier series solution. Of cour~e, here again. to make effective use of the refined 54 dof element
some grading of the mesh should be used in the region of steep force and moment gradients. Ir
can be seen from Figs. 10 and II that when this is done considerable improvement in accuraq'
results, to the extent that the calculated strain energy for the 4 x 4A mesh solution differs only by
0·31% compared with the Fourier series solution. (Note that the 2)( 2A mesh is basically a
uniform 2 x 2 mesh but has the same kind of refinement in the rectangle local to the applied load
as is shown for the 4 x 4A mesh in Fig. 9),
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4. CONCLU SION S

The numerical results indicate the high accuracy which can be obtained in a wide range of
shell problems using a conforming, triangular finite element formulated in terms of conventional
shell theory and based on polynomial surface displacement components which are each of
constrained-quintic order. From the results presented here and from those of the limiting case of
the arch it is concluded that the 54 dof clement is generally more efficient than are elements which
have some or all polynomial displacement components of lower order. In particular whilst the
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efficiency of the 54 dof element will perhaps differ little in some shallo\V-shell applil:ation, from
that of a related 36 dof element (with cuhic memhrane components), there can he very significant
gains in efficiency in applications involving shell .. of deep. thin geometrv. The oscillation or
waviness of calculated displacement. force or moment distrihutiom whil:h appear, characll:ristic
of comparatively high-order. curved. displacement elements is signifiGlI1tlv reduced in the .~4 dof
clement.

As with other high-order displacement ekments the usc of the present element involves
connection of displacement derivatives at the nodes whose compatihility is not required hy the
variational formulation. From the results ohtained here and those ohtained earlier for arl:he, lhi,
over-compatibility does not appear to lead to any significant excess stiffness. In ,01111.'

circumstances the connection of particular displacement derivatives will need to he relaxed (,I

accommodate some specific physil:al condition of the shell.

A.ckllowledgemellts-The numerical results presenled in this paper were ohtained using the computing facilities "f the
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